~——Fundamental Principles & Equations

< Aerodynamic Tools >

Basic Useful Computational Experimental
Equation Concept Fluid Dynamics Techniques
Flow
Continuity Eqn. Streamlines FDM Visualization
Vorticity FVM
Momentum Egn. Circulation BEM Force & Moment
Stream fn. FEM Measurement
Energy Eqn. Velocity Potential Panel /
Pressure
Density Measurement
velocity
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~—Fundamental Principles & Equations

< 2.1. Vector Relations >
A+ B=C

Dot Product (Scalar Product) j . E — | Al Blcosh

_— @ —

Cross Product (Vector Product) 4 x B = (|A4||B|sinf)e (-r-j-n._gt — hand rule)

Orthogonal Coordinate

* Cartesian coordinate + * Cylindrical coordinate * Spherical coordinate
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< 2.2. Scalar & Vector Fields >

* Scalar quantities
p=plx,y. 2, t)
o= plz.y, 2. )
t=t(z, y 2. t)

* Vector quantltles
v=v1+ v, 7+, k

* Products

A= Aji+ Aj+ Ak

B Bl?+32?+33k

4 B=AB,+ 4232+ A.B,
Ax B= i (A,B, —

7k
A, A, 43
B, B, B
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A,B,) + j(A,B, —

ABy) +

(4B, — 4,B,)
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< 2.2. Scalar & Vector Fields >

* Gradient
ap op op
Vp= Ly —p_} + Py
ax ay 02

* Divergence : rate of volume change

Ve V= (it 25 Lh) - (i v+ Vb

* Curl : rate of change of fluid element

—

VxXv=|1i j k
g a8 0
dr 90y OJx
u voow
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< 2.2. Scalar & Vector Fields >

* Line integral

b—} —_
. ¥ . . *
‘95 A - ds conunter clockwise = positive
a

* Surface integral

# pds —vector

5

# j . d; — scalar

3

# A>xds —vector

5

* Volume integral

‘# p dv — scalar

V

‘# A dv — vector
.
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< 2.2. Scalar & Vector Fields >

* Relation between line, surface, and volume integral

* Stokes Theorem

‘?Q__—l}-d;:\#(\_%._—l}) 'd; (s : line)

C S

* Divergence Theorem

#I- d;: #[\_ ’ j)dl-‘ (s : area)

S (2

* Gradient Theorem
s~ ffpner
3

* Control Volume vs Material Volume (or Control Mass)
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< 2.3. Models of the fluid >

Mass

Real Fundamental
. Fluid Model > Equation Momentum
Physics Princil
or rFrinclies Energy
« Conservation of mass
« Conservation of momentum
 Conservation of energy
B
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< 2.3. Models of the fluid >

¢ Fluid Model

® Finite Control Volume — fixed with space (Eulerian
Description)

® Finite Material Volume — moving with fluid (Lagrangian
Description)

@ Infinitesimal Fluid Element

® Molecular approach — statistical view, Boltzmann
Equation
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< 2.3. Models of the fluid >
*» Physical Meaning of Divergence of Velocity

® The total change of the whole control

volume over time At

AT = #(ZAt) . ds

DV AV - o 5@5 -
o T AL v ds = V(V v)dV

S

® Think an infinitesimal volume dv

Figure 2.15 Moving control volume used for the

D6 — — physical interpretation of the divergence of
( ) — ﬁ (V . V)dV:: (v . V)OV velocity.
Dt 51

: — 1 DY)

L T

® v . I/ isthe time rate of change of the volume of a moving fluid element
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< 2.4. Continuity equation >

/ :

}<—1 dz——{

Figure 2.18 Sketch for discussion of mass flow
through area A in a flow field.

volume= (v,dt) A
mass= p(v,dt)A
pAv, dt
i P

mass flowrate= m=

mass flur— E{ = pv,, (unit: kg/ sm?)
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< 2.4. Continuity equation >

+* Mass flow

® The plane of fluid particles which are on the surface at time
t will move off the surface at time ¢+4¢, sweeping out a
volume given by Av=V AAt.

(where V.=Vn)

7 7
awept volume ;If;l i
e A S
ai+' d . F: Af
A
L
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< 2.4. Continuity equation >

+* Mass flow

® The mass of fluid in this swept volume, which evidently
passed through the area during the 4¢ interval, is

Am = pAv = pV, AAt

7 7
awept volume ;If;l i
M ST
ﬁ+. F [ VAt
A
L

Aerodynamics 2017 fall -12 -



~——Fundamental Principles & Equations

< 2.4. Continuity equation >

+* Mass flow

® The mass flow 1Is defined as the time rate of this mass
passing though the area.

. Am
mass flow=m=lim — = pV_A
At—0 At

® The mass flux is defined simply as mass flow per area.

m
mass flux=— = pV
A PV,
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< 2.4. Continuity equation >

“*Principle #1 : Mass should be conserved
® Consider a control volume,

Figure 2.19 Finite control volume fixed in space.

Net increase in the contorl volume = In - Out
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< 2.4. Continuity equation >

“*Principle #1 : Mass should be conserved
® [ncrease of mass in CV

ot i sav
o7 Fp s

@® Net flow = outflow - inflow
#p;d;

%#S{f V+ #p-t? ds = 0 integral form of continuity
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< 2.4. Continuity equation >
“*Principle #1 : Mass should be conserved

#bcﬂ —|—#,OL ds = (0 integral form of continuity

* fixed volume

a —_—  —
—> ﬁa—?deL #pvds =0

* divergence theorem
—> (pt ds—ﬁgv ,O?,)dV
o
T 51;99 2243+ (pld =0
ot

ﬂ To satisfy with arbitrary control volume

ap
at
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+ Vv « (pv) = 0 at a point the flow
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< 2.4. Continuity equation >
“*Principle #1 : Mass should be conserved

o,
1f steady: ot =0 = p=plz.y.2) space only!!!

8 — —
}ﬁ/sdl/'%— p-vds =0
/ V . g
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< 2.5. Momentum equations >
“*Principle #2 :
Time rate of momentum change = Force
® Rate of momentum change inside the control volume

8 —
i vdl/
ot ﬁ# pud

® Net flow of momentum = (), — ( )out
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< 2.5. Momentum equations >

@ Force acting on the control volume
« Body force : acting on the body
gravity, electromagnetic force
« Surface force : shear stress (<-due to viscosity)

mdl # p?dg ?—pﬁpdé +?§§§ﬂfd1 Fiscous

Opp05|te direction
to the surface

* Integral Form of Momentum Equation
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< 2.5. Momentum equations >

,Oa,dl —I—# ,O?dg :— —#pds —I—ﬁ pfdV+ F o

® Gradient Theorem —> — #MZ 51;95 VpdV

® Divergence Theorem —> (,O’Ldg)’t = 51;95 v (pov)d V

—> %# o (pv) +V - (puﬂdl’—j-r#[ VD+of + F ]
;

a —
PR (pvv) = =V +pf + Fpi

* Differential Form of Momentum Equation
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< 2.5. Momentum equations >

8 — S

TV (pv U = VDt 0f P
* dyadic (momentum flux tensor)
 Divergence of a dyadlc becomes a vector using the relation of

—_—

——V (,ov v) = ,o(v . qrad)v—l—v (,o*v)

ik 5? 0 at -+ pv e gradv+vV e+ (pv) = =V p+pf + Fiyoous
d - .
'—’O = —V » (pv) < continuity
ot
av - _ , Fa
pg +,O(U . Gf’(ld) — —\Tp—F,Of +FL';'.scaus
Su ou ou ou op
* u-direction : +plu—+v—+w——)=— + pfy + £y
u-direction ,O ﬂ(u o U oy Ww ﬁzj o f viscous
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< 2.7. Energy equation >
“*Principle : Energy is conserved

® Gibb’s Equation
5(} + 5’&[} = de \ Rate of change of
Energy of fluid
Rate of heat / ;
added to fluid as it flows through CV
inside CV
from surrounding

Rate of work done
on fluid inside
control volue
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< 2.7. Energy equation >

Q+ W=E

o¥ 0dV+ O
Q ﬁ? ar Q}“'ESCOUS T~ Viscous heat addition

Rate of volumetrlc heating

#(Pds) . v+ §§9§ (,Ode) . ?ijwu;caus

Pressure term Body force term V|scous work term
9 2 p: —
. v 0
£ —ﬁ ple+ #ﬁ(e+ ds
8t ];,-' 2 ) g
o f
Time rate of change Net rate of change
of total energy of total energy
inside CV across CV
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< 2.7. Energy equation >

* Integral Form of energy equation

ﬁ ,Od-[;—|_ Qu_r,cguf, '#(pd;) —|_ (;O?d-[ )L —|_ IILE‘SCGJS

Falad ple+=)dV+ #p(ﬁb Vo ds

ot JA |/ 2 2
* Differential Form of energy equation

9 v vt

—[ple+ +V . +—)v

o1 [,o(e 5 )]+ Lo(e 5 )v)

— pq — v(ﬁl’)_'_ﬁf * VT thziscaus_F Hﬂf;éscaus
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< 2.7. Energy equation >

* Differential Form of energy equation

a%[ﬁw%)uv lple+ o

2y ;Og " V (,O?,') + ;Of *v _|— Q;UE‘SCGUS _|_ IKI;.T!L-‘-ESCGUS

If steady,
o - . :
— -l . — [II’"T: ., _
at( )=0, @ 0.¢g=0
. b .
vV« (plet )0) =~V + (o)
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** Now

Aerodynamics 2017 fall

6 unknowns

0
v(z1,2)
e=c, 1

D

- 26 -

5 equations +1

Continuity equation

Momentum equation

Energy equation

Equation of state

p=pRT



